A scheme is presented to realize strong single-photon nonlinearity with intracavity electromagnetically induced transparency in blockaded Rydberg ensemble. In our scheme, the photons in the cavity are in the form of cavity dark-state polaritons and thus the effect of tuning the control field is equivalent to that of changing the cavity quality factors Q. Profiting from this especial feature, the system behaves very strong single-photon nonlinearity, and the nonlinear strength would be three orders of magnitude larger than both the effective cavity decay rate and atomic decay rate. We also show the application of the strong nonlinearity to strong photon blockade effect.
In optical science and engineering, strong nonlinearities at the single-photon level have many important applications, such as photon blockade [1] [2] [3] [4] , single-photon quantum router [5] , and quantum phase transitions of light [6] . It is thus of considerable interest to develop schemes achieving larger and larger photon nonlinearities, as these would make further quantum effects accessible in experiments. A possible route towards large nonlinearities is the use of strong, coherent interactions between light and matter in high-Q cavities. Typically, for the practical applications of the nonlinearities with negligible losses, the strong-nonlinearity condition,
is required, with χ the effective nonlinear coupling strength, κ the cavity decay rate, and γ parasitic loss rate. In cavity quantum electrodynamics (QED), one of the main approaches to achieving strong nonlinearities is increasing the quality factors Q and thus decreasing the cavity decay rate. However, increasing the quality factors Q requires sophisticated techniques. Although progress has been made towards high-Q cavities in the past 30 years, achieving strong-nonlinearity condition in Eq (1) in an optical cavity is still a challenging pursuit in the experiments [3, 4] . In this paper we propose a scheme for realizing strong single-photon nonlinearity of the three-mode mixing with intracavity electromagnetically induced transparency (EIT) in blockaded Rydberg ensemble. In our scheme, the photons in the cavity are in the form of cavity dark-state polaritons and the effective cavity decay rate is κ ′ = cos 2 θκ, where κ is the bare cavity decay rate without EIT medium and θ is the mixing angle between cavity field and atoms components of dark-state polariton [7] . With a decrease of cos θ by tuning the control field, the effective cavity decay rate κ ′ decreases, thus the effect of tuning the control field is equivalent to that of increasing the quality factors Q. Profiting from this especial feature, this system behaves very strong single-photon nonlinearity and the strongnonlinearity condition in Eq. (1) could be achieved by tuning the control field. An EIT medium placed in a cavity, which is known as intracavity EIT termed by Lukin et al. [8] , can substantially affect the properties of the resonator system. The intracavity EIT provides an effective way to significantly narrow the cavity linewidth [8] [9] [10] [11] [12] and enhance the cavity lifetime [13, 14] . We here present a scheme to realize the nonlinear process of three-mode mixing with intracavity EIT in blockaded Rydberg ensemble. In our scheme, the photons in the cavity are in the form of dark-state polaritons and the strong nonlinear process could be achieved by tuning the control field in intracavity EIT. We show that the nonlinear strength in our scheme would be three orders of magnitude larger than both the effective cavity decay rate and atomic decay rate. We also discuss the application of the strong nonlinearity to strong photon blockade, which has been exploited as a powerful tool for quantum control of light quanta [6] .
As illustrated in Fig.1(a) , our model consists of an ensemble of N cold Rydberg atoms inside a two-sided optical cavity. The concrete atomic level structure and relevant transitions are shown in Fig.1(b) . Each atom has a stable ground state |g , an excited state |e , and three high-lying Rydberg states |r k (k = 1, 2, 3). The transition |g ↔ |e of is resonantly coupled by the cavity mode a with coupling strength g, while a control field with Rabi frequency Ω resonantly drives the transition |e ↔ |r 2 . Thus they form the three-level EIT configuration [15] , in which the interaction Hamiltonian is described by H I = N j=1 (g |e j g| a + Ω |r 2 j e| + H.c.. If the probe field is a weak field, we would assume that almost all atoms are in the ground state |G = N j=1 |g j at all times, and define a dark-state polariton, m D = cos θa − sin θC r2 , and a bright-state polariton, m B = sin θa + cos θC r2 ,
|ε j g| (ǫ = e, r k ). In terms of these polaritons the Hamiltonian H I can be represented by [12] 
where only the bright-state polariton m B resonantly couples to the excited state. Taking into account the cavity mode a interacting with external fields through input-output processes, two polaritons m D and m B couple to the external fields described by the Hamiltonian
, where ω is the frequency of the external field, κ is the bare cavity decay rate without EIT medium, and Θ(ω) with the standard relation [
denotes the one-dimensional free-space mode, κ ′ = cos 2 θκ (κ ′′ = sin 2 θκ) denotes the effective cavity decay rate of the dark-state (bright-state) polariton. When the the bright-state polariton m B resonantly couples to the excited state in the so-called strong coupling regime, N g 2 + Ω 2 ≫ κ B , γ e , this coupling will induce an effect known as vacuum Rabi splitting [16] , i.e., the splitting of the cavity transmission peak for the brightstate polariton m B into a pair of resolvable peaks at ω = ω 0 ± N g 2 + Ω 2 , here γ e is the spontaneousemission rate of the excited state |e and ω 0 is the resonant frequency of cavity mode. Assuming that the external field inputted to the cavity is inside of the bandwidth
the coupling of the external fields to the bright-state polariton m B can be neglected, leading to
We note that the polariton m D corresponds to the wellknown "dark-state polariton" in EIT in free space [7] . In Ref [7] , the mixing angle θ determines the group velocity of dark-state polariton, whereas the mixing angle θ here determines the effective cavity decay rate. As shown below, this feature of the polariton b 0 plays a vital role in achieving strong-nonlinearity condition in Eq. (1).
We consider the blockade interaction via Rydberg level "hopping" described by the Hamiltonian H
. Using the collective atomic operators and the expression of C r2 in the dark-state and bright-state polaritons: C r2 = cos θm B − sin θm D , the Hamiltonian of
Since the brightstate polariton m B is not excited here, we disregard these terms including the polariton m B , and obtain
with χ =λ sin 2 θ. Equation (4) describes the nonlinear process of three-mode mixing [18] . Before describing the detailed applications and supporting numerical calculations, next we briefly discuss the features and estimate the potential parameters for intracavity EIT with blockaded Rydberg ensemble.
The dominant loss associated with the leakage of the dark-state polariton m D through the mirrors is specified by the cavity quality factor
with Q 0 the quality factor of the bare cavity without the EIT medium. From Eq. (5), we see that Q is determined by not only Q 0 but also the added factor 1/ cos 2 θ. With a decrease of cos θ by tuning the control field, the quality factor Q increases. A second dissipative channel is the spontaneous emission of Rydberg states, luckily the Rydberg states have long coherence time and small decay rate γ ≈ 2πkHz [19] .
In order to have the strong-nonlinearity effects, the nonlinear strength χ should be much larger than the rate at which the decoherences occur. When cos θ ≪ 1, the nonlinear strength χ =λ sin 2 θ =λ(1−cos 2 θ) ≈λ, which has a large value for the high Rydberg state [19] . Hence one could achieve the strong-nonlinearity condition, i.e., χ ≫ κ ′ , γ, by decreasing cos θ. For example, a 400-atom Bose-Einstein condensate (BEC) is trapped in an optical cavity. For the high Rydberg states n ≥ 100, the blockade interaction strength over the atomic sample is λ/2π = 50M Hz ∼ 200M Hz [19] . For the relevant cavity parameters, typically (κ, γ e )/2π ≈ (8, 5.2)M Hz, and g/2π ≈ 25M Hz [20] . With the choice cos θ = 0.1, we
Thus the condition N g 2 + Ω 2 ≫ κ, γ e is well satisfied, and the nonlinear strength χ would be more than three orders of magnitude larger than both the effective cavity decay rate κ ′ and Rydberg atomic decay rate γ. In analogy with the phenomenon of coulomb blockade, when photons transport through a nonlinear cavity, the properties for both the intracavity and the transmitted light fields are strongly modified by nonlinear processes. This is known as photon blockade effect [1] , which has been exploited as a powerful tool for quantum control of light quanta [6] . Now we show that the strong nonlinearities in our model would lead to strong photon blockade effect. Based on above analysis, the dynamics of intracavity EIT in blockaded Rydberg ensemble is govern by the Hamiltonian
where we have incorporated the effect of radiative decay out of Rydberg states by using the non-Hermitian terms.
The Hamiltonian H ′ in−out alone induces a very narrow transmission peak. The Hamiltonian H ′′ R is responsible for the interaction of the polaritons and leads to photon blockade effect. If they are acting together, we anticipate a new regime in which the photons pass through the cavity one by one in a very narrow-bandwidth transmission window. Thereby this system acts as a narrow-band single-photon turnstile.
Without loss of generality, we assume the external probe field is a weak continuous-wave (cw) coherent field. Thus the effective non-Hermitian Hamiltonian for intracavity EIT is given by
here E = √ 2κ ′ β is the driving strength which is proportional to the external probe field amplitude β. To confirm the validity of the blockade effect, we perform numerical simulations with Hamiltonian H ′ . Our investigation relies on the calculations of photon correlations based on the normalized intensity correlation function g 2 (τ ) for the forward-propagating transmitted light. The incident field (which approximates a coherent state) has g 2 in (τ ) = 1, corresponding to a Poisson distribution for photon number independent of time delay τ . The ideal photon blockade would achieve g 2 (0) = 0, in correspondence to the state of a single photon. More generally, g 2 (0) < 1 represents a nonclassical effect with the variance in photon number reduced below that of the incident field. In Fig. 2 (a) , we plot numerical simulations results of g 2 (0) as a function of cos θ. From Fig. 2(a) , we see that g 2 (0) is very sensitive to cos θ. The decrease of cos θ leads to stronger photon blockade effects. When cos θ = 0.1, g 2 (0) would be in the order of 10 We clearly see that the number of cavity polaritons varies between 0 and 1, but never exceeds unity. These numerical simulations results show that the system behaves strong nonlinearities at the single-photon level.
In summary, we have theoretically investigated intracavity EIT with blockaded Rydberg ensemble and show that this system would provide an effective approach to strong single-photon nonlinearity in an optical cavity. In the system, the photons in the cavity are in the form of dark-state polaritons and the effective cavity decay rate κ ′ is determined by not only the bare cavity decay rate κ but also the added factor cos 2 θ. With a decrease of cos θ by tuning the control field, the effective cavity decay rate κ decreases, thus the effect of tuning the control field is equivalent to that of increasing the quality factors Q. Profiting from this especial feature, we forecast the nonlinear strength χ in the system would be three orders of magnitude larger than both the effective cavity decay rate κ ′ and atomic decay rate γ under current experiment technology. The strong nonlinearity could be used for strong photon blockade. By storing a single photon in a Rydberg state [21] and subsequently transmitting a second photon, single-photon quantum router [5] could be created with the strong photon blockade. Furthermore, we anticipate their interesting applications to exploration of the rich physics promised by stronglycorrelated quantum systems. For example, it can be used for realization of a Mott insulator to superfluid quantum phase transition in coupled arrays of cavities [6] . Remarkably, Mücke et al. [22] have recently succeeded in demonstrating intracavity EIT with a single atom and observing a narrow transmission window corresponding to the dark state. Thus the present scheme would be realized in the near future.
